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N /2 ~ .1 2 2 
I1 gA = exp  - ~(0-1 + (72 ÷ (72 ÷ (72 ÷ 0"22 ÷ 0"23 ÷ 0"21) 

t ~=1 
i 

N1/2 (0-10-40-23 ÷ 0-10-30-3t ÷ 0-10-20-12 ÷ 0203023 

+ a20"40"31 + 0"30"4a12) 
1 

÷ - ~  (0"1.0-20"30-4 ÷ 0"20"30"310"12 ÷ 0"20"40"120"23 ÷ 0"30"40"230"31 

÷ 0"10"40"310"12 ÷ 0"1.0"30-120-23 ÷ 0"1.0"20"230"31)} 

where O(1/N) represents the terms of order 1/N or 
higher in which the terms of order 1/N contain only 
even powers of the 0"'s. 

APPENDIX III 
Evaluating the sevenfold integral (2.3) 

III. 1. The al integration 
m2 

Substitute for H gz from (II.I) into (2.3), combine 
~=1 

the terms in the exponent involving al, complete the 
square, and perform the al integration. 

III. 2. The remaining integrations 
One continues in this way, carrying out the successive 

integrations with respect to a2, aa,. •., until finally (2.5) 
is obtained. 

It is instructive to compare these integrations with 
those of the earlier paper (Appendix IV). 
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Conditional Probability Distributions of the Four-Phase Structure Invariant 
9h+~k+~l+~m in P I*  
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A crystal structure in PT is assumed to be fixed and the seven non-negative numbers R1, R2, R3, R4, Rlz, 
R23, R3t are also given. It is assumed that h,k,l,m are random variables uniformly and independently 
distributed over the subsets of reciprocal space defined by 

]ghl = Rx, ]Ek[ ---- R2, IEd = R3, ]Eml = R4, 

[Eh+kl=R12, ]Ek+d=R23, [El+hi=R31, 
and 

Then the structure invariant 
h + k + l + m = 0 .  

(1) 

(2) 

(3) 

is a function of the primitive random variables h,k,l,m. The conditional probability distribution of ~0, 
given (1) and (2), is obtained and compared with the conditional probability distribution of ~0 when 
only (1) is given. Some calculations are presented which show the usefulness of the distribution, given 
(1) and (2), in estimating the value of ~0. 

1. Introduction 

The methods introduced in two previous papers 
(Hauptman 1975a, b) for P 1 are applied here to the space 

* Presented at the Charlottesville meeting of the ACA, 
March 9-13, 1975, Abstract A 1. 

group PT. Again, as in the earlier work, the joint 
probability distribution of seven structure factors 
[Green & Hauptman, 1976, equation (2.5)] leads 
directly to the conditional probability distribution of 
the four-phase structure invariant ~0h + ~0k + ~01 + ~0m, 
given the seven magnitudes [Eh[, [Ek[, [Eli, [Em[, [Eh+k[, 
ILk + 1], [El + hi. However, in contrast to the earlier distri- 
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bution which is continuous, the distribution to be 
derived here is discrete because the structure invariant 
has only the two possible values, 0 or 7r. 

2. The joint conditional probability distribution of the 
four phases 9h, q)k, Oh, q)m, given the seven magnitudes, 

IE.I, levi, lEd, IEml, IEh+~l, IEk+al, IE,+~l 

Suppose that a crystal structure consisting of N iden- 
tical atoms per unit cell in the space group PT is speci- 
fied and that the seven non-negative numbers R~, R2, Ra, 
R4, RI2, R23, Ral are also fixed. Denote by ~0h the phase 
of the normalized structure factor Eh. Define the four- 
fold Cartesian product W × W x W x W of reciprocal 
space W with itself to consist of the collection of all 
ordered quadruples (h,k,l, in) of reciprocal vectors 
h,k,l, in. Suppose finally that the ordered quadruple 
0a, k,l, in) of reciprocal vectors is a random variable 
which is uniformly distributed over the subset of the 
Cartesian product W x W x W × W for which 

IEhI=R~, IEkI=R2, IE, I=R3, IEmI=R4, (2.1) 

and 
IEh+,I=R~2, IEk+,l =R23, [E~+hl =R31, (2.2) 

h + k + l + m = 0 .  (2.3) 

[Strictly speaking, in order to insure that the range of 
the primitive random variable (h, k, l,m) be non-vacu- 
ous, it is necessary, for example, to replace the equality 
IEhl=Rt of (2.1) by the inequalities RI<IEhI<_RI+ 
dRy, where dR1 is a 'small' positive number, etc.]. In 
view of (2.1)-(2.3), the random variables h,k,l,m, the 
components of the ordered quadruple (h,k,l,m), are 
not independently distributed in reciprocal space. 
Then (Ph, ~0k, ~0,, ~0m, the phases of the normalized struc- 
ture factors Eh, Ek, El, Em, as functions of the primitive 
random variables h, k, 1, m, are themselves random var- 
iables. Denote by P(~l ,  ~2, ~3, ~4 I R1, R2, R3, R4, R12, 
R23, Ral) the joint conditional probability distribution of 
the four phases ~0h, ~0k, ~0~, ~0m, given (2.1), (2.2) and (2.3). 
Then P(~x,~2,~a,qb4 [ RI,R2,Ra,R4,RxE,R23,R31 ) is found 
from (2.5) of the previous paper (Green & Hauptman, 
1976) by fixing the magnitudes of S~, $2, Sa, $4, S~2, S2s, 
Sa~ in accordance with the scheme 

ming with respect to ~12, t~23, ~31 over their two pos- 
sible values (0 and n), and multiplying the result by a 
suitable normalizing factor. Carrying out these sum- 
mations one finally obtains, correct up to and including 
terms of order 1/N [since O(1/N) of the previous paper 
consists of all terms of order 1IN or higher in which 
the terms of order 1/N contain only even powers of the 
S's], 

P(~l ,  t~2, l~)S, ~41R1, R2, R3, R4, R12, R23, R31) 

1 
- K exp { -  B cos (tbl + ~2 + ~3 + ~4)} 

x cosh R12 ]I12 R23 ]I23 R31 Y31 
N1/2 c o s h  NiT-z--cosh N1/2 

where 

(2.8) 

2 R1R2RaR4 ' (2.9) B =  N 

2 2 2 2 Y12 = [R1R2 + R3R4 -}- 2R1R2R3R4 
X COS (~)1 -It- 1~/)2 "{- '1~3 -1- ~4)] 1/2, 

Y23 2 2 2 2 +R1R4 = [R2R 3 + 2R1RzRsR4 
X COS (~)1 "]- ~2  "31- ~3  + ~[~4)] 1/2, 

Y31 2 2 = [RaR1 2 2 + RzR4 + 2R1R2RaR4 
× cos (~b~ + ~b2 + ~b3 + q)4)] 1/2, 

(2.10) 

(2.11) 

(2.12) 

and K is a suitable normalizing constant, independent 
of ~i, tb2, ~3, ~4. Although K is readily found by sum- 
ming (2.8) over the 16 sets of values of ~bl, ~b2, ~3, ~4 
and setting the result equal to unity, the value of this 
normalizing factor is not needed for the present pur- 
pose and is therefore not derived explicitly. Equations 
(2.8)-(2.12) should be compared with equations (2.5)- 
(2.9) of the earlier work in P1 (Hauptman, 1975b), but 
it should be emphasized again that the present distri- 
bution (2.8) is discrete since each of tP 1, ~2,  ~3,  t~4 takes 
on only the two values 0, ~z. 

It is clear from (2.8)-(2.12) that the distribution (2.8) 
is a function of the sum • = ~i  + ~2 + tPa + ~b4. Hence 
(2.8) leads directly to the conditional distribution, 
given (2.1) and (2.2), of the sum ¢p = 9h + ~0k + ~0~ + ~0m, 
as is shown next. 

ISxl = gx, IS~l = g2, I & l :  R3, 1841 = g4, (2.4) 

IS~21: R12, I&~l: R~, I&xl = R~I, (2.5) 
i.e. 

S1 = R1 COS ~l,  S 2 :  R2 COS ~2,  
$3 = R3 cos tP3, $4-- R4 cos ~4, (2.6) 

S12 = R12 cos ~12, $23 -- R23 cos ~)23, 
Saj.=R3x cos ~ax, (2.7) 

where ~12 is the variable associated with the phase 
9h + k, etc., summing with respect to Sx2, $23, $31 over their 
two possible signs (+  and - )  or, equivalently, sum- 

3. The conditional probability distribution of the 
structure invariant 9 = 9h + q)k + 91 + q}m, given the seven 
magnitudes lEvi, IEkl, lEd, IEml, IEh+kl, IEk+,l, IEl+hl 

Using the same hypotheses as in §2, the structure in- 
variant 

9 = 9h + (Pk + ~01 + ~m (3.1) 

is a random variable whose conditional probability 
distribution, given (2.1) and (2.2), P ( ~  I R1, R2, R3, R4, 
R12, R23, R31), is readily found from (2.8)-(2.12). Thus, 
correct up to and including terms of order 1/N, the 
major result of this paper is given by 
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P(4IR1,  R2, Ra, R4, Ri2, R23, Ra0 

1 
- L exp ( - B  cos 4) 

R12Zi2 R23Z23 R31Z31 
x cosh Ni/2 cosh Ni/2 cosh NI/2 (3.2) 

where B is defined by (2.9), 

Z~2=[R2R 2 + R2R l + 2RIR2RaR4 cos 4] 1/2, (3.3) 

2 2 2 2 4] 1/2, (3.4) Z23 = [R2Ra + RiR4 + 2RiR2RaR4 cos 

2 2 Z3, =[RaR1 + R2R 2 + 2R~R2RaR4 cos ¢1 '/2, (3.5) 

and the normalizing constant L is readily found to be 

R12Z~ R23Z~ R3iZ~ 
L = exp ( -  B) cosh ---~-iTT- cosh ~ i ? ~ -  cosh NU 2 

Rx2Z~2 R23Z23 RalZ~ 
+exp(B)  cosh NU 2 cosh NU 2 cosh NU2 , 

(3.6) 
where 

Z ~ =  R~R2 +_ RaR4 , (3.7) 

Z ~  = R2R3 +_ RiR4 , (3.8) 

Z ~  = R3R1 + R2R4, (3.9) 

and the upper (lower) signs go together. 
If one denotes by P+ (P_) the conditional probability, 

given (2.1) and (2.2), that 

or that 

or that 

~ = (fib -{- ~0k -'1- ~1 -Jl- (/gin : 0 (~) , (3.10) 

cos ~0= +1 ( - 1 ) ,  (3.11) 

EhEkEtEm be positive (negative), (3.12) 

then (3.2) is replaced by the more suggestive 

1 R12Z ~ 
P ± -  r e x p  (T-B) cosh Nil2 

x cosh R2aZ~ cosh R31Z~ 
N1/2 NU2 , (3.13) 

signs go together and where the upper (lower) 
L, ± ± Z12,Z2a, Z ~  are given by (3.6)-(3.9). 

The similarity between (3.2) and (3.13) with the 
major result oT the earlier work in P 1 [equation (3.2), 
Hauptman, 1975b] is noteworthy. However, it must be 
stressed again that the present distributions are dis- 
crete, i.e. 4 must be 0 or n, while the earlier distribution 
is continuous. 

It should be observed finally that P+ may lie any- 
where between 0 and 1; P+ is close to 0 or close to 1 
according as Riz, R23,R3i are all relatively small or all 
relatively large respectively. 

3.1. The conditional expected value and conditional 
variance of cos ~0 

It is clear from (3.13) that the conditional expected 
value of cos ~0, given (2.1) and (2.2), is simply 

e=~(COS ~)=e(COS ~o I Ra, R2, Ra, R4, Rx2, R23, R3i ) 
~ - P + - P _ .  (3.14) 

Likewise the conditional variance of cos ~0, given (2.1) 
and (2.2), is found from (3.14) to be 

0 .2 = O'2(COS (/71 R 1, R2, R3, R4, R12, R23, R31) 

~_e(cos 2 (o)-[E(cos ~0)]2=4p+P_. (3.15) 

It follows from (3.15) that the conditional standard 
deviation is given by 

a = 21/-P-+ P_ . (3.16) 

3.2. The special case IEh+kl---IEk+l]--~lEl+hl---0 
In the case that 

I E h + k l = R l z ~ O  , (3.17) 

IEk+d =R23~0, (3.18) 

[g~+h[ =Rat~0,  (3.19) 

(3.13) is replaced by 

where 

1 
P±(IRI2"~R23"R3t~-O)~ zexp(-T-B) (3.20) 

L = 2  cosh B (3.21) 

so that, in this special case, P+ <½, (p is probably equal 
to zc, and the larger the value of B the more likely it is 
that ~0 = re. 

4. The conditional probability distribution of the 
structure invariant 9 = q)h -~- (Dk -~- (DI -[- q)m, given the 

four magnitudes IEhl, IEkl, lEd, IEml 

If, instead of being given the seven magnitudes (2.1) 
and (2.2), one is given only the four magnitudes (2.1), 
then the conditional probability distribution of (p, 
given (2.1), is found from (3.1) of the previous paper 
(Green & Hauptman, 1976) to be, correct up to and 
including terms of order 1/N, 

where 

1 
P±(4) ~ _ - ~ e x p  + , (4.1) 

B 
M = 2  cosh -2-' (4.2) 

and P+(4)[P_(4)] is the conditional probability, given 
(2.1), that 

~0=0 (n) (4.3) 
or that 

cos (o= + 1 ( - 1 ) .  (4.4) 
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E q u a t i o n  (4 .1)  s h o u l d  be  c o m p a r e d  w i t h  e q u a t i o n  (4 .1)  
o f  the  ear l ier  w o r k  in P 1 ( H a u p t m a n ,  1975b).  Par t i c -  
u lar ly  n o t e w o r t h y  is the  c o m p a r i s o n  o f  (4 .1)  w i t h  (3 .20)  
w h i c h  i l lus tra tes  w i t h  p a r t i c u l a r  force  the  d r a m a t i c  
c h a n g e  w h i c h  m a y  t a k e  p l a c e  w h e n  al l  s e v e n  m a g n i -  
t u d e s  ( 2 . 2 )  a n d  (2 .1)  are  a s s u m e d  to  be  g i v e n  i n s t e a d  

T a b l e  1. 1000  v a l u e s  o f  P + ,  e q u a t i o n  (3 .13) ,  a n d  a ,  

e q u a t i o n  (3 .16) ,  f o r  a s t r u c t u r e  in  P T  c o n s i s t i n g  o f  

N =  90 i d e n t i c a l  a t o m s  in  t h e  u n i t  c e l l  

I Observed Ha~nltudes, [([ 
No. R E Z ~ K ~ 1~ i ~*[ [ . [  t,~; e COS(T) 2(*) 81~ 

8 0 l'~ 0 3 ~" 3 ~ 6 g T 10 S 3 .~8  2 .0S 2.81 8.30 3.no 4.?s 3 .$8  1 . 6 2  0 ,999 0.999 0.~12 
7 4 i[~" 311 0 1 "[ 0 "J ~" 3 3 .86  3 .46  3 .39  2.% 4 .17  2.39 2 .41 2 . 7 4  0 .999  C.999 O.OO3 
0 2~'TO 6 1 0 I T 8 ~11 ~ 3 ,46  3 ,44  3 .39  2 .64  3 .68  4 .25  1..T~ 2 . ~ 6  0 .999 0.999 0,003 

o f  m e r e l y  the  f o u r  m a g n i t u d e s  (2 1) In  s h a r p  c o n t r a s t  . . . . .  , TO ~ 0 1  8'IT ]" . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
• " 10 2 7 9  2T`[O 2 5 7 ~ ~ 1 4 ,17  3 .46  3 .33  2 .23  3 .56  4.18 I.S0 2.2~ 0 .999 0.999 O.OQ7 

to  (3 .20) ,  P + ( 4 ) >  ½ ,  ~0 n o w  is p r o b a b l y  e q u a l  to  0, a n d  ;;;.~`~;.7;~777.~.~.~7;~T.G.~7;~.7;`~..;;;-;2.7;;..;~;7.;~;..~.~.29-;~..~;;;-°-~; 
th  1 g th  1 f B th  l ik  ly it  i th  0 . . . . .  , § 'rl  8 .  `[ T . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  e ar er e v a u e o  e m o r e  e s a t o p =  ,. , 0.9 00. o074 

" ~' 7 ~ 2 3 7 7 'J~ ~ 10 0 4,18 3 .00  2 .68  2 .2B 1 .49  3 .96  1 .16  1 .71  0 .999  0.9Q8 0.074 
189 1 12 0 6 ~ r ]  ~ 0 1 i['[1~ 2 3 ,65  3 .~1  2 .9~  2 .22  2 .19  1 .33  330 1.63 0 .999 0.198 0.074 

190 4 ~ 7 3 0 T 1 11 0 ~ 1; ~ 4,18 2 .99  2 ,76  2 .03  1.R9 3 .02  2.3n 1 . 5 5  0 .999 0.998 0.075 

5. T h e  a p p l i c a t i o n s  ; g - 7 7 ; 7 7 7 ; 7 o ~ ; - T T 7 ; 7 - ; - 7 ; ; ; - L ; - 7 ; 7 7 7 ; 7 2 ; ~ 2 - ; 7 ~ ; - o ; ; V : ; ;  
400 4 ~ 7 ?" 8 0 ] T 0 6 5 7 4 ,18  2.63 2.61 2 .57  2 .67  1 .31  2 .03  1.63 n ,999  0.991 0.181 

P T  403 8 ~ 0  1 T5  ~11 0 1[ 0 ~ 3 ,~  3 .39  2 .77  2 .09  2 .64  0 .97  2 .61 1.60 0.9t9 0.991 0.181 
A crysta l  s t r u c t u r e  i n  c o n s i s t i n g  o f  N = 9 0  i d e n t i c a l  4~ 1 T5 1 ~'7 6 ~" /J "~11 ~" . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

405 7 0 S  '['[1"0 2 0 '~ g l l  ~ 4 ,25  2 .76  2 .55  2 .46  3 .3?  n.68 2 .73  1 . 6 3  0 .999 0,991 0.183 
a t o m s  i n  t h e  u n i t  ce l l  w a s  c o n s t r u c t e d  a n d  6 7 0 1  n o r m  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  - . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

a l i z e d  s t ruc ture  fac tors  E h c a l c u l a t e d  U s i n g  the  ~ 4 ~'7 " 6 •  3 9 " [  ~'TI~ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
• 567 7 0S ~100  3 oT~ ' '1~ 8 4 .25  3 .68  2 .07  2,21 2.3q 1 .3~  1 .?2  1 . 8 2  0 .999 0.970 0.340 

2991E1 2 (i  I E n l > 2  I E d > 2  IE, I 2 I E I  2 ) t h e  ,.  4 ~7 ' . . . . . .  ~" , . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  'S~ .e. , , ~ , m ~ "  559 1 T s  310i~ 7 g 0 ~ 0 1 3 ,39  3 .16 2.63 2.Sl 1 . 3 8  1 .83  2 .~  1 . 8 8  0 .99~  0.970 0.340 

1 0 0 0  q u a r t e t s  . . . .  ,~ . , o  ~ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

h + k + l + m = 0  (5 .1)  . . . .  ~ ,  . , o  1 ,  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
837 7 Q S "~ T T  3 8 ~ • "~ 5 4 .25  3 .00  2 .95  2 .26  0.01 0.38 0 .$8  1 .89  -1.OOO 0.047 0.423 
638 9 1 T 3 0 T 11" ~ 8 ~ 7 ~" 3,72 2.99  2.8O 2 .36  1.25 1 04 2 .81 1 . 8 3  0 .999 0.952 0 423 
639 10 I~T 3 0 T  ~[~11 ~" ~ ~ 4 3 .26  2 .99  2 .77  2 .$4  2.68 1 .34  n.~6 1 . 5 9  0.999 0.953 0.423 

d h i t h  l f T h  4 ~7  7 6 3 "  "fl"~ 1 S , T . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  w e r e  c o n s t r u c t e  a v  n g  e a r g e s t  v a l u e s  o B .  e 5544~ 81"~0 1 T5 ~ ' . . . .  ~" . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

1 0 0 0  v a l u e s  o f  P + ,  e q u a t i o n  ( 3 . 1 3 3 ,  a n d  o f  t h e  s t a n d a r d  . . . .  "[ ~11o , . ,  , ,  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

d e v i a t i o n  e q u a t i o n  ( 3  1 6 )  c a l c u l a t e d  a n d  t h e s e  . . . .  , ,  , . . . .  " [ ,  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  a ,  . , w e r e  , 4  , 1 " [ , , , 0  0 4 ,  , 7 , , 2  3,8 246 , , 5  235 1 ,  1,1 , 5  0 , ,  0 , 0  04~ 
645 1 9 T 2 TT 0 [ T 0 3 3 7 3 .54  3 .46  3 .44 2 .28  0 .28  0 .47  0 .68  2 .12  -0.O'90.OSO 0.439 

are  s h o w n  in  T a b l e  1" a r r a n g e d  in i n c r e a s i n g  order  o f  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

the  s t a n d a r d  d e v i a t i o n  ( S 1 G )  T h e  c o l u m n  h e a d e d  . . . . .  , 0 0"[ 2~o , ,  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  • 782 7 0 5 § T 1 2 T 0 13 ~" 4 .25  3 .72  3 .7n  2 .05  1 .49  1 .54  1 .46  2 . 6 5  0.999 0.869 0.673 

( T )  li th  1 f T h  th  i 1 . . . .  , 7  ,"[o 3 "[ , 7 ,  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  c o s  sts e t r u e v a u e s o  c o s p .  e r e e s p e c a  ,8, , 1 ,  1 , ,  ~ 3 ,  , 3 2  3,2 3~ 2,~ 207 2~ o83 135 150 , ~  0.7 o6~ 
i n v a i a n t s  w i t h  ial  n u m b e  522  634  698 d . . . . .  , 2,4 ,~4  , ,  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  r s e r  r s  , , o n o t  2,5 7 05 ,.[-~6 7 9 0 3 l~r , m ~, '11'  '1 '3 '118 1"18 1.$3 1"45 1.71 "1.00~ 0.86S 0.E81 

b y th  di ib ti 1 (3 13) in h k d th  . . . . .  . 8 ,o ~ .  1 , .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  o e e s t r  u o n  a w  . , s c e  = , a n  e s e  788 21-[0 1 ]-5 ~-2 3 3 1 0 ,  0.46 3.3~ 3.00 2.43 1.sf. 1.23 1.28 1.90 0.999 0.861 0.886 

t h e r e f o r e  n o t  c o n s i d e r e d  fur ther  It is n o t e w o r t h y  . . . . . . . .  . . . 8  2~ . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . .  are  . 7~JO 4 ~" 7 ~" T 0 8 5 ~(~ ," 3 4.18 3.44 2.54 0.24 1.39 1.25 1.82 1.01 0.999 0.859 0.694 

t h a t  the  f irst  d i s c r e p a n c y  in  the  t a b l e  o c c u r s  at  i n v a r i a n t  ........................................................................................................................... 
786  T h u s  the  first 782  i n v a r i a n t s  c a l c u l a t e d  w i t h  . . . . .  , 1" . . . . .  "[ l l  ' . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

883 1 ~ 7  g 0 0 1 ~ 2 g 8 3 .95  2 .99  2 .65  2,30 0 .97  0.5O 2.18 1 . 8 0  1.(100 0.780 0.853 
p e r f e c t  a c c u r a c y  a n d ,  o f  these ,  745  are e q u a l  to  0 a n d  8. ' ~7 ~ ' ~  ~ . . . . . . . . . . . . . . . . . . . . . . . . . . . .  ~ . . . . . . . . . . . . .  

888 8 1"0 0 T 1 )" ~ '~ 6 T 14 T 3 .68  3 .39  2.5n 2 .28  n.64 1.00 0.50 1 .58  -1.000 0.246 0.858 
3 7  e q u a l  to  n. T h e  p r e p o n d e r a n c e  o f  0 v a l u e s  is a c o n -  0.1 886 7 05 ]~ 1~4 3 1 0 ~ 8 1~ 4.28 2 .97  2.61 2 .13  n.o0 1 .60  1 .23  1 . 5 5  0.999 

o f  a t i o n  (4 1) s ine  s m a l l  va l  o f  . . . .  , , ,  , 9. 2 ,  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  o . . . . . . . .  s e q u e n c e  e q u  . e ues  a are  . . . .  ~ . . . .  . T ~" . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  00:;60~ . . . .  

c o r r e l a t e d  w i t h  large  v a l u e s  o f B w h i c h  i n v i e w o f ( 4  1 )  . . . .  , ,  1 T5 ' 2 3  g 7 "~ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  0.862 , , 890 2 72 3 27 il'~ 0 T 4 l 4.17 3.10 2.40 2.32 2.08  0.3? 1.39 1.61 0.999 0.870 
" 0.745 0.071 

i m p l i e s  t h a t  9 is p r o b a b l y  e q u a l  to  0. T o w a r d  the  e n d  
o f  T a b l e  1, as P +  v a l u e s  t e n d  t o w a r d  ½, o n e  o b s e r v e s  
i n c r e a s i n g  n u m b e r s  o f  i n c o r r e c t  i n d i c a t i o n s .  N a t u r a l l y ,  T a b l e  2. C o m p a r i s o n  o f  o u r  (3 .13)  w i t h  G i a c o v a z z o ' s  (13)  

in  the  a p p l i c a t i o n s ,  o n e  w o u l d  n o t  u s e  the  la t ter  in-  ,o. ~ ~ ~ ~ ~ ~ , ~ ~.~ 
v a r i a n t s  s ince ,  in  v i e w  o f  the  large  s t a n d a r d  d e v i a t i o n s ,  0ss 4 ~, ~ 5, 3 9 ,  ,,~ . . . . . . . . . . . . . . . . . . . . . . . .  
t h e y  k n o w n  n o t  to  be  r e l i a b l y  d e t e r m i n e d  It is . . . .  ~, ~ ~0 ~ . . . . . . . . . . . . . . . . . . . . . . . . . . .  are  . .3 9 1. 3~, ,,0 0 ~, ? 3,2 ,7o 368 253 10~ 014 
n o t e w o r t h y  t h a t  the  e s t i m a t e s  s o m e w h a t  reli  . . . . . . . . . .  i[ 1 0 ' . . . . . . . . . . . . . . . . . . . . . . . . .  a r e  m o r e  " 763 4 57 "100 3]~ ]" 1 6 g 4.10 3.68 2.40 2.33 1.20 0.46 

a b l e  t h a n  the  v a l u e s  o f  P + a p p e a r  t o  i n d i c a t e  , a t  l eas t  ,,8 . . . .  ' ~ ~ 7 B " 9 ' 0 T '3 '0 T' ~ ~ . . . . . . . . . . . . . . . . . . . . . . . . . . .  ~ ' ' . ' '  ' . ~  '0 '9  ~ . '~  0 . "  ~ . ' '  

for  the  s m a l l e r  v a l u e s  o f  T h i s  is p r o b a b l y  d u e  to  the  8~ 4 ~, ~ . . . .  T 3 "[ . . . . . . . . . . . . . . . . . . . . . . . . .  ~'• 806 1 TS 5 " ~ 6  0 1~"~ 210 "[ 3.39 3 .16 2 .77 2.$1 O.S5 0.11 

fa  th  ( 3  1 3 )  i f d 1 / N  ly ~ 4 ' 7  g `[0 7 ' " "l~ . . . . . . . . . . . . . . . . . . . . . . . . . . .  ct  at  . s correc t  to  t e r m s  o or er o n  , 8,3 5,o , , ~  0~,0 ~ .~  3,, 33, 2,, 000 00, ,00  

a n d  the  a b i l i t y  to  t a k e  i n t o  a c c o u n t  t e r m s  o f  order  0,0 . . . .  ,~'05 . . . . .  1 ~. , 0 ~ ~ . . . . . . . . . . . . . . . . . . . . . . . .  2 4 42~ 3,5 0,1 2o, ,3, °3° 

h i g h e r  t h a n  1 / N  w o u l d  p r o b a b l y  l ead  to  . . . .  ~° ? '~ ' 2 8 ~ . . . . . . . . . . . . . . . . . . . . . . . . .  a m o r e  a c c u r -  818 1 ~'• "~ '3  3 6 i[ T 0 8 3.95 2.05 2.64 2.04 0.Q6 0.36 

ate  f o r m u l a  f o r  P at  l eas t  f or  the  larger  v a l u e s  o f  B . . . .  ,~0 ~ ,~ . 2 8 3 "[ ~ . . . . . . . . . . . . . . . . . . . .  Jr.,  • 830 4 ~l-i~ " T0 , 1" 0 4 6 8 3.86 3 .44 2 .$8  2 .36  0 .04  0.30 

T o w a r d  t h e  e n d  o f  T a b l e  1 w h e r e  v a l u e s  l a r g e  . . . .  ~ 0 , ,  o ~ o ~  . . . . . . . . . . . . . . . . . . . . . . . . .  , a a r e  ,44 , ,~,  ~,,0 , o ~ ~ , ,  ,,0 , , ,  ,0, ,,3 o~, 0,, 
a n d  B v a l u e s  t e n d  to  be  s m a l l  (3 13) a p p e a r s  to  y i e ld  . . . .  ~ '  ~ 0, , . . . .  ,~ . . . . . . . . . . . . . . . . . . . . .  , . 866 4 ~g 3 0 T  T~ I 7 3 3 2 3,56 2 .99  2.7S 2 .44  1 .20  0.54 

a c c u r a t e  v a l u e s  o f  P s ince  here  o b s e r v e s  the  . . . . . .  ~ , ; ,  3 ~ o 3,  . . . . . . . . . . . . . . . . . . . . . . .  m o r e  + o n e  8,, 2 , .  ` [ , o 2  ? s ,  4,, 0,o 255 0,8 o s, 0,o 
e x p e c t e d  f r a c t i o n  o f  correc t  e s t i m a t e s  i n d i c a t e d  by  . . . .  ~ ,  , ~ ,  ~ , ,  , . . . . . . . . . . . . . . . . . . . . . . . . .  as , ,  lO , T  1 T8 g 3 3 g 7 ff 3.80 3 .39  3 .00  2.51 0 .05  1.23 

the  v a l u e  o f  P . . . .  " ' ' ~  ' ' . . . .  ~ . . . . . . . . . . . . . . . . . . . . . . . .  + .  090 7 05 T 3 g  3 6 ~ § ~ 6 4.25 3 .05  2 .95 2 .22  1.S8 0.26 
897 81~0  ~ ~ ?  ? 9 0 2 3 7 3.68 3 .10 ? .63 2.41 0 .44  1.39 
899 7 00 ~ ~ T ~ 4 ~12 ~ 4,00 3 .33  2 .33 2 .3?  0 .87  O.O3 

* Only 50 entries are shown here. The full table has been 
deposited with the British Library Lending Division as Supple- 
mentary Publication No. SUP 31305 (20 pp., 1 microfiche). 
Copies may be obtained through The Executive Secretary, 
International Union of  Crystallography, 13 White Friars, 
Chester CH1 1NZ, England. 

905 7 0 5  3 ~'7 l~ ' 6 1 6 4 

805 1 9 7  2TT0  g 3 9 3 T ? 
907 10 " T  T 8 T  9 ~ 1 0 4 7 
913 4 ~$7 7j 67 ~ 0 2 3 T 
910 1 97  , TO 4 2 7 I~ 0 
920 0 7g  3 0T ~ ? 4 4 0 5 
929 ? 7 "  4T'O5 3 I 0 ~ 2 3 
933 6 '7 4 ~ [ '  ' T 0 ~II 1 

834 1 12 0 1 T 5 ~ ~ ~ 0 3 ' 
939 1 12 0 ~" T i[ 1 ~" 7 5 ~ 
951 2 7~ g 28 ~ 1 0 5 ~  0 

4.25 3 .00  2 .36 0 .33  0.01 1.55 
3.54 3 .46  2 .77  2.53 0.28 0.45 
3,80 3 .29 0 .70  2 .45  1 .14  0.71 
4.18 3.02 2.55 0 .53  0.34 1.39 
3,54 3 .44 2 .62  2 .00  0 .68  0.% 
4.17 ? .99  2 .70  ?.O" 0 .74  0.23 
4,17 2.78  2.61 2 . 3 0  1 .$8  0.61 

3.57 3 .$6  ? .$8  2 .05  0 . 8 2  1.27 
3,68 3 .39  2 .45  2 .34  1 .37  0.87 
3.66 3 .12  3.O4 ? .03  0 .$8  0.39 
4.17 3 .17 2 .55 2.28 0 .94  1.40 

~+g I B COS(T) P(+) P(133 

0 .~  1 .01  -1.000 0.029 0.017 

0.01 1.99 -I.000 0.O30 0.019 

0.47 2 .84  -I.000 0.003 0.104 
0.59 2.48 -1.OOO 0.055 0.2?4 
O.QO 1 .93  -1.O'0 0.104 0.328 
0.29 1 .83  -1.000 0.147 0.346 
074 2.00 -1.000 0.145 0.248 
1.20 ?.00 -1.CO0 0.148 0.40,! 
1.00 1 .65  -1.000 0.182 0.227 
0.68 2.15 -1.000 0.155 0.7~5 
0.83 1 .68  -1.0C~ 0.181 0.228 
0.46 1 .57  -1.000 0.181 0.333 
0.40 1.66 -I .(2O0 0.164 0.559 
0.71 1.68 -1.000 0.165 0.2O6 
1.18 1.60 -1 .O'O 0.164 0.307 

0.71 1.75 -1.0(X) 0.185 0.335 
1.27 1.£.8 -1.000 0,188 0.370 

0.14 1 .50  -1.0O" 0.193 0.316 

1.55 2.15 -1.000 0.190 0.796 
0.68 1 .80  -1.0O" 0.199 0.455 
0.03 1 .09  -1.000 0.218 0.440 
1.39 1.56 -1 .O'O 0.228 0.$40 
1.07 1.90 1 .On" 0.230 0.48O 

0.36 1 .70  -1,000 0.238 0,708 
0.41 2 . 1 5  1 .000 0.253 0.708 
0.43 1 . 6 2  1.0l~ 0.255 0.680 
0.58 1.08 -1 .On" 0.707 0.845 
0.?4 1.51 -1 .C~O 0.2150 0.576 
1.23 1 .70  -1.000 0.263 0.686 
0.27 1 .SS -1.000 0.269 0.691 
1.05 1.91 -I.000 0.268 0.789 
0.61 1 . 8 4  1.000 0.268 0.083 
0.(8 1 .80  -1.000 0.077 0.697 
0.67 1.56 1.000 0.278 0.424 
1.33 1 .56  -1.000 0.296 0.644 
O.OS 1 . 5 8  1 .000 0.318 0.799 
0.35 1.73 -I.~ O.319 0.872 

0.23 1 .$8  -1.000 0.3?4 0,700 
1.50 1 .57  -1.000 0.]41 0.753 
0.14 1.71 I.OO0 0.368 O.814 
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It is noteworthy that, employing some 300-400 of 
the most reliably estimated values of the invariants 
listed in Table 1, unique values were obtained, with 
perfect accuracy, for 230 of the phases having [El values 
greater than 2. Thus this structure is solvable via 
estimated values of the four-phase structure invariants 
alone. 

6. Concluding remarks 

Conditional probability distributions of the four-phase 
structure invariant cp = ~Ph + ~Pk + ~P~ + ~0m in PT, given, 
in the first instance only the four magnitudes (2.1) and, 
in the second instance, all seven magnitudes (2.1) and 
(2.2), have been found. The distributions lead to 
estimates for ~p dependent on these magnitudes. The 
initial applications strongly suggest that the results 
secured here will find important application in the 
solution of complex crystal structures in PT. It is sug- 
gested that the methods described here, themselves an 
extension of some recent work in P 1, can be extended 
to treat structure invariants and seminvariants in 
general, and that the concept of 'neighborhood of a 
structure invariant', introduced in an earlier paper 
(Hauptman, 1975b) will play the central role in this 
development. 

2 2 2 
E h  + k + E k  + 1 "q- E 1  + h - -  2 > 0), probably negative w h e n  

E4+Es+E2<2.,2 2 cannot possibly follow from our 
(3.13) which implies instead that whether P+ >½ or 
P+ <½ depends on whether an intricate interrelation- 
ship among all seven magnitudes (2.1) and (2.2) holds 
and not merely on a relationship among the three 
magnitudes (2.2) alone. Again, it should be stressed 
that it is our distribution which is the appropriate one 
for crystal-structure analysis [refer again to Hauptman 
(1975a)], since one is ordinarily given a fixed but un- 
known crystal structure, and structure-factor ampli- 
tudes are sampled from reciprocal space. Finally, we 
make no use of the Gram-Charlier  expansion in our 
analysis, in contrast to Giacovazzo's work, but employ 
instead a mathematical formalism only recently secured 
(e.g. Hauptman, 1975a, b). With this background then, 
the comparison between Giacovazzo's result and ours 
is particularly illuminating. 

Observe next that Giacovazzo's chief result, (11) and 
(12), requires knowledge not only of seven magnitudes 
but of the sign of E4EsE 6 (our Eh+kEk+lEi+h) as well, 
whereas our (3.13) depends only on the seven magni- 
tudes (2.1) and (2.2). Thus comparison is possible only 
between our (3.13) and Giacovazzo's (13), the special 
case that 

I Eh + kEk +,E, +hi ~ 0 ,  (7.1) 

7. Comparison with a recent result of 
Giacovazzo (1975) 

Just as this paper was being prepared for submission, 
a paper by Giacovazzo (1975) appeared covering 
material closely related to ours but employing a differ- 
ent probabilistic background and a different mathem- 
atical formalism. Hence a rare opportunity presented 
itself to compare the different approaches. 

First, it should be emphasized that, in using the 
Klug formalism, Giacovazzo assumes implicitly that 
the reciprocal vectors h, k, 1, m are fixed and that atomic 
coordinates are the primitive random variables. This 
assumption contrasts sharply with the one made here 
which is that the crystal structure is fixed and the 
reciprocal vectors h ,k , l ,m are the primitive random 
variables. Thus there are two kinds of probability dis- 
tribution which are conceptually quite distinct (a point 
made many times previously, e.g. Hauptman, 1975a), 
and there is no reason to suppose that corresponding 
distributions will be identical. It therefore comes as no 
surprise that none of Giacovazzo's distributions (11)- 
(13) agrees with our (3.13). In particular, Giacovazzo's 
conclusion that 'When N is large enough, (11) tells us 
that the product E1E2EaE 7 (our EhEkEIEm) is probably 
positive when E42+ 2 2 Es + E 6 -  2 > 0 (in our notation 

since in this case the sign Of Eh+kEk+lEl+h is irrelevant. 
Table 2 displays a large and representative sample 

of 40 invariants from Table 1 for which (7.1) is approx- 
imately satisfied, so that comparison between our 
(3.13) and Giacovazzo's (13) is possible. The last two 
columns, headed P ( + )  and P(13), show the values of 
P+ as calculated from our (3.13) and Giacovazzo's (13) 
respectively. Comparison of the entries in these two 
columns reveals significant differences, and comparison 
with the true cosine values, cos (T), is particularly 
illuminating. 

We wish to thank Dr. Charles Weeks who helped in 
the calculation of Table 1. The calculation of the values 
of 230 phases using Table 1 was carried out by Miss 
Mary Duffy to whom grateful acknowledgement is 
made. This research was supported by NIH Grant No. 
GM-19684 and NSF Grant No. MPS73-04992. 
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